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Abstract
We consider the class of locally boost isotropic spacetimes in arbitrary
dimension. For any spacetime with boost isotropy, the corresponding cur-
vature tensor and all of its covariant derivatives must be simultaneously
of alignment type D relative to some common null frame. Such space-
times are known as type Dk spacetimes and are contained within the
subclass of degenerate Kundt spacetimes. Although, these spacetimes are
I-degenerate, it is possible to distinguish any two type Dk spacetimes,
as the curvature tensor and its covariant derivatives can be character-
ized by the set of scalar polynomial curvature invariants for any type Dk
spacetime. In this paper we find all type Dk spacetimes by identifying
degenerate Kundt metrics that are of typeDk and determining the precise
conditions on the metric functions.
1 Introduction
Any Lorentzian manifold, or spacetime, admitting a geodesic, shear-free, twist-
free, non-expanding null congruence, ℓ, belongs to the class of Kundt spacetimes
[1]. The Kundt spacetimes are important solutions in four-dimensional (4D)
general relativity (GR), with many applications for other field theories in 4D and
in higher dimensions as well [2, 3, 4]. For example, the near horizon geometry
of the event horizon of a stationary asymptotically flat black hole spacetime is
described by a Kundt spacetime [5]. More generally, when the event horizon
of a dynamical black hole does not interact with the exterior region, this is
described by a non-expanding horizon (NEH), and the near horizon geometry
of the NEH is again described by a Kundt spacetime [6]. In fact, these near
horizon geometries belong to the subclass of degenerate Kundt spacetimes, to be
defined below, which have the interesting property that they cannot be locally
characterized by the set of their scalar polynomial curvature invariants (SPIs),
I, and they are said to be I-degenerate.
To be precise, a spacetime is I-degenerate if there exists a deformation of
the metric gτ such that gτ is continuous in τ , g0 = g and the limiting metric
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as τ → ∞, g∞ is not diffeomorphic to g but the set of SPIs, I, for g and g∞
will be the same. Thus, the metric g cannot be distinguished from gτ using
SPIs. A more practical definition of I-degeneracy can be stated in terms of
the structure of the curvature tensor and its covariant derivatives by exploiting
the effect of a boost on a null coframe {n, ℓ,mi}, ℓ′ = λℓ, n′ = λ−1n, for which
the components of an arbitrary tensor, T, of rank n transform as:
T ′a1a2...an = λ
ba1a2...anTa1a2...an , ba1a2...an =
n∑
i=1
(δai0 − δai1), (1)
where δab denotes the Kronecker delta symbol. The quantity, ba1a2...an , is called
the boost weight (b.w.) of the frame component Ta1a2...ap . Any tensor can be
decomposed in terms of the b.w. of its components and this b.w. decomposition
gives rise to the alignment classification by identifying null directions relative
to which the components of a given tensor have a particular b.w. configuration.
This classification reproduces the Petrov and Segre classifications in 4D, and
also leads to a coarse classification in higher dimensions [7, 8, 9, 10].
Denoting the boost order, BT(ℓ), as the maximum b.w. of a tensor, T, for a
null direction ℓ. The Weyl tensor and any rank two tensor, T, can be broadly
classified into five alignment types: G, I, II, III, and N if there exists an ℓ such
that BT(ℓ) = 2, 1, 0,−1,−2, respectively, and we will say ℓ is T-aligned, while
if T vanishes, then it belongs to alignment type O. For higher rank tensors,
like the covariant derivatives of the curvature tensor, the alignment types are
still applicable despite the possibility that |BT(ℓ)| may be greater than two.
Any I-degenerate spacetime admits a null frame such that all of the positive
b.w. terms of the curvature tensor and its covariant derivatives are zero in this
common frame, that is they are all of alignment type II [11].
A degenerate Kundt spacetime admits a geodesic, shear-free, twist-free, non-
expanding null congruence, ℓ for which the curvature tensor and its covariant
derivatives are all, at least, of type II relative to ℓ. In three and four dimensions,
it has been proven that all I-degenerate spacetimes are degenerate Kundt space-
times, while in higher dimensions it is conjectured that the degenerate Kundt
spacetimes contain all I-degenerate spacetimes. Regardless of this conjecture,
for any I-degenerate spacetime where the curvature tensor and its covariant
derivatives are of proper type II (i.e., not of type D), the metric cannot be
characterized by SPIs, as only the b.w. zero components are involved in form-
ing SPIs [12] and the negative b.w. components will never appear in the SPIs.
Within the set of degenerate Kundt spacetimes, there is potentially a subclass
of metrics that are in fact characterized by their SPIs, although not uniquely.
For such a spacetime the curvature tensor and all of the covariant derivatives of
the curvature tensor must be of alignment type D. These spacetimes are neces-
sarily I-non-degenerate because any metric deformation within this subclass of
metrics gives a new metric which has a differing set of SPIs.
In this paper we investigate the class of spacetimes for which the Riemann
tensor and its covariant derivatives are all of type D relative to a preferred
frame, which we will refer to as type Dk spacetimes. The following result was
proven for type Dk spacetimes [13]:
Theorem 1.1. If the Riemann tensor and all of its covariant derivatives ∇(k)(Riem)
of an N -dimensional spacetime (M,g) are simultaneously of type D (in the same
frame), then the spacetime is degenerate Kundt.
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In fact, it can be proven that any such metric admits two null geodesic expansion-
free, shear-free, and twist-free vector fields, implying that the metric is doubly
degenerate Kundt [13]. These spacetimes constitute an exceptional subcase of
the degenerate Kundt spacetimes.
While this result restricts the candidates for type Dk spacetimes it does not
provide an explicit form for the metrics. In 4D the boost isotropic spacetimes
have been fully determined [14]. In higher dimensions, five dimensional (5D)
examples have been provided as Einstein solutions to supergravity for which
all SPIs are constant [4], and more generally all locally homogeneous type Dk
spacetimes have been determined in arbitrary dimension [15]. To identify the
Kundt metrics which are of type Dk, we will integrate the equations given by
the vanishing of the positive and negative b.w. terms of the Riemann tensor and
its covariant derivatives using the following theorem from [12] and two lemmas:
Theorem 1.2. If a spacetime is of type Dk, then the components of the curva-
ture tensor are determined by their SPIs.
Lemma 1.3. If the curvature tensor, Rabcd, and its covariant derivatives up
to order q ≥ 1, Rabcd;f1,...,fq , have only b.w. zero components, then the non-
zero components of the Weyl tensor, Cabcd, and the Ricci tensor, Rab, and their
respective covariant derivatives up to order q will be of b.w. zero.
Lemma 1.4. For a type Dk spacetime, any SPI, I ∈ I, must satisfy:
la∂xaI = n
a∂xaI = 0.
2 Kundt geometries
The line element of the most general non-twisting N -dimensional geometry can
locally be written in the form [16]:
ds2 = gpq(v, u, x) dx
p dxq− 2wp(v, u, x) du dxp− 2 du dv− 2H(v, u, x) du2, (2)
where p and q range over the N − 2 spatial indices. The non-twisting character
of the spacetime implies the existence of a foliation by null hypersurfaces u =
constant (i.e., a family of maximal integral submanifolds labelled by the coordi-
nate u). By the Frobenius theorem, this is equivalent to the existence (locally)
of a non-twisting null vector field ℓ that is everywhere tangent (and normal) to
u =constant.
Since this vector field ℓ generates a congruence of null geodesics in the whole
spacetime, it is most natural to take their affine parameter v as the second
coordinate, so that ℓ = ∂v. Locally, for any fixed u and v we are left with an
(N − 2)-dimensional Riemannian manifold covered by the spatial coordinates
xp. We will use the indices m,n, p, q (ranging from 3 to N − 2) to label these
spatial coordinates on the transverse space.
The non-vanishing contravariant metric components are
gpq , gvu = −1 , gvp = gpqwq , gvv = −2H + gpqwpwq , (3)
where gpq is an inverse matrix to gpq. This implies that [17]:
wp = gpqg
vq , 2H = −gvv + gpqgvpgvq . (4)
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The covariant derivative of the geometrically privileged null vector field
ℓ = ∂v with respect to the metric (2) is
ℓa;b = Γ
u
ab =
1
2
gab,v,
so that ℓv;b = 0 = ℓa;v. Denoting m
a
i as the components of the N − 2 unit
vector fieldsmi which form an orthonormal basis in the transverse Riemannian
space, we can show m ui = 0 using the condition mi · ℓ = 0, and hence the
optical matrix [10] defined as ρij ≡ ℓa;bmaimbj takes the form:
ρij = ℓp;qm
p
im
q
j =
1
2
gpq,vm
p
im
q
j .
This can be decomposed as ρij = Aij + σij +Θδij , where Aij ≡ ρ[ij] is the anti-
symmetric twist matrix, σij is the symmetric traceless shear matrix, and the
scalar Θ ≡ 1
N−2 δ
ijρij determines the expansion of the privileged vector field ℓ.
Requiring that the metric is also expansion-free and twist-free, we recover the
Kundt class of spacetimes, in which the transverse metric,
gpq(u, v, x
p) = gpq(u, x
p),
is independent of the affine parameter v [17].
3 Connection Coefficients and Curvature Com-
ponents
Expressing the metric relative to a null frame as:
gab = −2ℓ(anb) +mi(amjb)δij , (5)
the simplest null frame for the general metric (2) is given by
ℓ = ∂v , n = −H∂v + ∂u , mi = m pi (−wp∂v + ∂p) , (6)
where we will write Wi = m
p
i wp to express the corresponding coframe as:
ℓ = −du , n = −dv −Hdu−Wimipdxp , mi = mipdxp, (7)
with the following non-vanishing inner products: ℓ · n = −1,mi ·mj = δij . For
the degenerate Kundt spacetimes, the null vector field, ℓ, will already be aligned
with the Riemann tensor and its covariant derivatives, since they must be of
type II to all orders. It is possible that the null vector field, n, is not yet aligned
with the curvature tensors. We suppose there is a null rotation about ℓ such
that the Riemann tensor is of alignment type D:
ℓ˜ = ℓ,
n˜ = n+Bim
i +
|B|2
2
ℓ, (8)
m˜i = mi +Biℓ.
Here, the vector fields without tildes are the original frame and Bi denotes the
i-th null rotation parameter.
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We will compute the connection coefficients and curvature components in
the new frame:
n˜ = −θ1 = −dv −
(
H +
|B|2
2
)
du− (Wi −Bi)mipdxp
= −dv − H˜du− W˜imipdxp,
ℓ˜ = −θ2 = −du,
m˜i = θi = mipdx
p −Bidu,
(9)
with corresponding dual vector fields:
e1 = ∂v,
e2 = ∂u + [−H˜ −BiW˜i]∂v +Bim pi ∂xp ,
ei = m
p
i ∂xp − W˜i∂v.
(10)
From theorem 7.2 in [13], the type Dk condition requires that certain con-
nection coefficients of b.w. ±2 and ±1 relative to this coframe must vanish. In
particular, the connection coefficients:
Γ22i,Γ2ij , and Γi2j
must vanish. We will assume that the frame fields are uniquely defined at
all points of spacetime. When multiple pairs of null vector fields exists (ℓ,n)
satisfying the type Dk property it is possible that other frames exists where
the curvature tensor and its covariant derivatives will be of type D without all
connection coefficients vanishing; this issue is discussed further in section 4.
Cartan’s first structure equation with respect to θ1 = −n gives the following
components:
−2Γ1[12] = e1(H˜)− e1(W˜i)Bi,
−2Γ1[1i] = e1(W˜i),
−2Γ1[2i] = e2(W˜i)−Bjej(W˜i)− ei(H˜)− w˜pm pi,u +BjW˜[i;j],
−2Γ1[ij] = W˜[i;j].
(11)
Similarly for θi =mi we find:
−2Γi[12] = e1(Bi),
−2Γi[2j] = mip,umpj + 2mi[p,q]m pj m qk Bk + ej(Bi),
−2Γi[jk] = −2mi[p,q]m pj m qk = Dijk.
(12)
Since Cartan’s first structure equation for θ2 = −ℓ vanishes, the quantities:
Γ1[2i], Γ
1
[ij] and Γ
i
[2j] must be equal to zero, and so the remaining non-zero
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connection coefficients (Γabc = −Γcba) are:
Γ221 = −[e1(H˜)− e1(W˜i)Bi], (13)
Γ21i =
1
2
e1(W˜i +Bi), (14)
Γi21 = −1
2
e1(W˜i −Bi), (15)
Γ1i2 =
1
2
e1(W˜i −Bi), (16)
Γijk =
1
2
[Dijk −Djki +Dkij ]. (17)
From Cartan’s second structure equation we find the following set of non-
zero Riemnann tensor components:
Rijlm = el(Γimj)− em(Γilj) + Γ nil Γnmj − Γ nim Γnlj − 2ΓikjΓk[lm],
R1212 = e1(Γ122)− Γ12iΓi12 − 2Γ1i2Γi[12],
R12ij = ej(Γ1j2)− ei(Γ1i2)− 2Γ1k2Γk[ij],
Rij12 = Γ21iΓ12j − Γ12iΓ21j − 2ΓikjΓk[12],
R1i2j = −ej(Γ12i) + Γ1j2Γ12i + Γ12kΓkji,
R2i1j = −ej(Γ21i) + 2Γ21iΓ2[1j] − Γ1j2Γ21i + Γ21kΓkji.
(18)
Along with a set of Riemann tensor components that must vanish:
Rij2k = e2(Γikj), Rij1k = e1(Γikj),
R121i = e1(Γ1i2), R1i12 = e1(Γ12i),
R122i = e2(Γ1i2)− ei(Γ122),
R2i12 = −e2(Γ21i).
(19)
Taking the full contraction of the Riemann tensor gives the Ricci scalar:
R = −2[R1212 +R k2 1k +R k1 2k] + SR, (20)
where SR denotes the Ricci scalar associated to the transverse space metric gpq.
The vanishing of R121i = R1i12 = 0, which are invariant under a null rotation
about ℓ, implies that Wi must be linear in v,
Wi =W
1
i (u, x
p)v +W 0i (u, x
p). (21)
Applying the Lie derivative with respect to ℓ to the Ricci scalar, we find that
H,vvv = 0 and so H is of the form:
H = H(2)
v2
2
+H(1)v +H(0). (22)
Proposition 3.1. For a type Dk spacetime, if any non-zero null rotation pa-
rameter in (8) needed to align n is independent of v, i.e., Bi, i ∈ [3, N ] such
that Bi,v = 0, then there exists a coordinate system where B
i = 0.
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Proof. At zeroth order, the non-zero components of the Riemmann tensor in
equation (18) will not contain the function Bi(u, xp). For higher order covariant
derivatives of the Riemann tensor, we note that the connection coefficients in
equations (13)-(17) arising in the covariant derivatives of a type D tensor (i.e.,
Γ21i,Γi21,Γ1i2 and Γijk) do not contain B
i(u, xp) or its derivatives.
To consider the effect of the frame derivatives involved in the covariant
derivatives of the curvature tensor, we examine the components of Rabcd and
the connection coefficients (with the exception of Γ122 which will not appear in
any component Rabcd;e). As these are independent of v, the modified functions
H˜ and W˜i will not appear in any frame derivatives, and B
i can only appear as
coordinate derivatives of xp in e2. However, frame derivatives with respect to e2
will only occur in the components of the covariant derivatives of the curvature
tensor with non-zero b.w., which must vanish due to the type Dk condition.
Thus, the function Bi(u, xp) does not appear in any Cartan invariant at any
order. This implies that the type Dk metric is equivalent to a type Dk metric
where the null rotation from the Kundt frame to the aligned null vector field n˜
does not require Bi.
Since the curvature components in the original frame are polynomials in v,
if a non-trivial null rotation is required to align n˜, the choice of null rotation
parameters must depend on v. We will determine the form of the null rotation
parameters, Bi using the following two lemmas.
Lemma 3.2. For any degenerate Kundt spacetime, the covariant derivative of
the curvature tensor of order m can be decomposed into b.w. terms up to b.w.
−(m+ 2), and any component of b.w. −p is a polynomial of degree p in v.
Proof. Since the metric function H is quadratic in v and the one-form compo-
nents Wi are linear in v, the proof follows by induction using the form of the
connection coefficients relative to the Kundt frame.
Denoting the Riemann tensor as R, for m = 0 this is trivially true, while for
m = 1 the components of ∇R can be decomposed as combinations of:
• b.w. 0: (R)0(Γ)0, D(R)−1,mi(R)0,
• b.w. −1: (Γ)0(R)−1, (Γ)−1(R)0, D(R)−2,mi(R)−1, ee(R)0,
• b.w. −2: (Γ)0(R)−2, (Γ)−1(R)−1, (Γ)−2(R)0,mi(R)−2, ee(R)−1,
• b.w. −3: (Γ)−1(R)−2, (Γ)−2(R)−1ee(R)−2,
• b.w. −4: (Γ)−2(R)−2,
where (T )q denotes the components of a tensor T of b.w. q. The only com-
ponents of the connection coefficients with b.w. −2 are Γ12i which do not ap-
pear in combination with any component in the set (R)−2, and so the b.w.
−4 components do not appear. Writing the degree of a polynomial func-
tion of v as degv( ), we can confirm the inductive assumption by noting that
degv(Γ)0 = 0, degv(Γ)−1 = 1 and degv(Γ)−2 = 2, with the action of the frame
derivatives e1 and e2 on components, respectively, decrease and increase the
degree of v by one.
Assuming this holds for m, we will now prove for m + 1. Writing T =
∇1 . . .∇m+1R then the b.w. decomposition is
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• b.w. 0: (T )0(Γ)0, D(T )−1,mi(T )0
...
• b.w. −(m+ 1): (Γ)−1(T )−m, (Γ)−2(T )−m+1, e2(T )−m.
• b.w. −(m+ 2): (Γ)−2(T )−m.
Again, the formula for the covariant derivative of a type II tensor T
ensures there are no (Γ)−2 components that combine with the (T )−m
components, and so the most negative b.w. possible is −(m+ 1) and
degv(T )−(m+1) = m+ 1.
To continue we will introduce the concept of a curvature matrix and a curva-
ture vector which are, respectively, a rank two tensor and a rank one tensor
constructed from contractions of tensor products of the curvature tensor and
its covariant derivatives. For both objects we will consider representations in
terms of differential forms relative to the frame.
Lemma 3.3. For a degenerate Kundt spacetime, the components of b.w. −p of
any curvature matrix or curvature vector is a polynomial of degree p in v.
Proof. Given any tensor product from copies of Rabcd and Rabcd;f1,...fm m ≥ 1
with an even number of indices, only the components with b.w. 0, −1 and −2
remain after contracting indices to produce a curvature matrix. The components
of the rank two tensor with fixed b.w. can be decomposed into products of the
original curvature tensors of particular b.w. in a symbolic manner as:
• b.w. 0 : (b.w. 0),
• b.w. -1 : (b.w. 0) (b.w. -1),
• b.w. -2 : (b.w. 0) (b.w. -2) and (b.w. -1) (b.w. -1).
Then lemma 3.2 implies that the components of the original tensors with b.w.
0, −1 and −2 are polynomials of order 0, 1 and 2 in v. In the case of curvature
vectors, the proof is similar except that we instead consider tensor products
involving the curvature tensor and its derivatives with an odd number of indices,
and lemma 4.2 is still applicable for the b.w. -1 components.
With these two lemmas we can determine the form of each null rotation
parameter Bi.
Proposition 3.4. If a spacetime is of type Dk, then the non-zero null rotation
parameters needed to align n˜ are of the form:
Bi = G(u, v, xp)φi(u, xp) +B(1) i(u, xp)v.
Proof. If a spacetime is of type Dk, then there is a null rotation such that all
curvature matrices are of type D. Using (8), the b.w. −1 and −2 components
of an arbitrary curvature matrix, Rab, are then:
R˜2i = R2i + R12Bi + 2RijB
j = 0,
R˜22 = R22 +
1
2
R12|B|2 +R2iBi +RijBiBj = 0.
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From lemma 3.3, differentiating the components of R˜2i twice with respect to
e1 = ∂v will cause R2i to vanish and give the following condition:
RijB
j
,vv = −
1
2
R12Bi,vv.
Thus, Bi,vv is either an eigenvector of Rij or B
1
,vv vanishes. If B
i
,vv is an eigen-
vector for all curvature matrices then for each curvature matrix, the components
are functionally dependent on u and xp.
When all the curvature matrices are already of type D form relative to the
original frame, we can instead consider an arbitrary curvature vector, Ta, and
determine a frame for which all curvature vectors are of type D giving the
condition:
0 = Bi,vvTi.
Either Bi,vv = 0 or B
i
,vv is orthogonal to all curvature vectors and it is depen-
dent on u and xi alone.
If the whole set of curvature matrices and vectors are of type D, then we can
treat the Weyl tensor as an operator and use the eigen-bivectors as invariant
quantities. In such a case, either the frame is aligned with the Weyl tensor and
it follows that the curvature tensor and its covariant derivatives are already of
type D form, or we can differentiate the null-rotated bivectors relative to the
original frame to give Bi,vvm
i = 0 and the same argument can be repeated.
Thus, Bi,vv must be of the form,
Bi,vv = G(u, v, x
p)φi(u, xp),
where φi is an eigenvector for all curvature matrices. Integrating twice we find
Bi = G(u, v, xp)φi(u, xp) +B(1) i(u, xp)v +B(0) i(u, xp). (23)
In analogy with the proof of proposition 3.1, since the components B(0) i never
appear in any Cartan invariant, this implies that there is a coordinate transfor-
mation to a new Kundt frame where the required null rotation parameters have
B(0) i = 0.
Assuming Bi 6= 0 with Bi,vv 6= 0, the type Dk condition imposes an addi-
tional constraint on the transverse metric, gij , and the metric functions H and
Wi:
Proposition 3.5. If a non-trivial null rotation with Bi,v 6= 0 is required to align
n with the type Dk frame, then the vector field Bimi annihilates all b.w. 0
components of the curvature tensor and its covariant derivatives under frame
differentiation.
Proof. Any component of the m-th covariant derivative of the curvature tensor,
∇1 . . .∇mR, relative to the aligned frame is of b.w. 0, and so the covariant
derivative with respect to n˜ must vanish in order to satisfy the type Dk con-
dition. Furthermore, the vanishing of the connection coefficients Γ22i,Γ2ij and
Γi2j implies that the covariant derivative with respect to n˜ is in fact the frame
derivative:
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e2(∇1 . . .∇mR) = [∇1 . . .∇mR],u +Bim pi [∇1 . . .∇mR],p = 0.
Differentiating each component with respect to D = ∂v we find that the vector
fields,
X = Bi,vmi and Y = B
i
,vvmi,
will both annihilate ∇1 . . .∇mR. Due to the form of Bi,
Bi = G(u, v, xp)φi +B(1)i(u, xp)v,
we have the following expression in terms of X and Y:
Bimi =
[
X− G,v
G,vv
Y
]
v +
G
G,vv
Y.
Note that if G,vv = 0 then Y = 0 and B
imi = vX. Thus by linearity B
imi will
annihilate all b.w. zero components, i.e.,
Bimi(∇1 . . .∇mR) = 0.
Corollary 3.6. If a metric is of type Dk, then there exists (locally) a coordinate
transformation (v′, u′, x
′p) = (v, u, fp(u;xq)) such that
grs = g
′
pq
∂fp
∂xr
∂f q
∂xs
, gpq,u = 0.
Proof. For the type Dk spacetimes, the vector field Bimi annihilates all of the
b.w. 0 components of the curvature tensor and its covariant derivatives, since
any SPI is constructed from the b.w. 0 components, lemma 1.4 implies that
any SPI must be independent of the null coordinates u and v,
I,u = I,v = 0.
Theorem 1.2 allows us to choose a frame where the components of the transverse
curvature tensor:
Rijkl and Rijkl;i1 ···in ,
are all independent of u and v, the corresponding SPIs of the Riemannian
metric, gpq, are independent of u and v as well. Since a Riemannian metric is
characterized uniquely by its SPIs and different values of u in gpq(u, x
p) give
the same set of SPIs, this implies that the metric is independent of u.
Proposition 3.7. If a spacetime is of type Dk with a unique null frame {ℓ, n˜,mi},
then the null rotation parameters, Bi, required to align n˜ must be linear in v.
Proof. From proposition (3.4), Bi,vv has the form,
Bi,vv = G,vv(u, v, x
p)φi(u, xp),
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where φi is an eigenvector of all curvature matrices, a vector orthogonal to
all curvature vectors and orthogonal to the frame basis elements, mi. As the
components of each mi are independent of u and the b.w. 0 components are
characterized by SPIs, which are independent of u and v, φ must be indepen-
dent of u as well. By integrating this expression, coordinates can be chosen so
that Bi is of the form:
Bi = G(u, v, xp)φi(xp) +B(1) i(u, xp)v.
As all b.w. 0 components vanish under frame differentiation with respect
to e2, and since φ
i may be determined in terms of the b.w. 0 components of
some invariant quantity dependent only on the xi coordinates, we may make a
rotation in the spatial plane to set m3 ∝ φ while preserving Γi2j = 0. Doing
so, the null rotation parameters take the form:
B3 = G(u, v, x
p) +B
(1)
3 v, and Bi′ = B
(i′)
3 v, i
′ > 3,
where proposition 3.1 has been used to choose a coordinate system such that
all non-zero Bi are at least linear in v.
To continue we will examine the vanishing of the structure constants:
Γi[2j],Γ2[2i], and Γ2[ij],
relative to a particular coordinate system; this choice of coordinates is motivated
by proposition 3.5 and the fact that if Bi,vv 6= 0 then φ ∝ G−1,vvm3 annihilates
the b.w. 0 components of the curvature tensor and its covariant derivatives. In
particular, the components of the curvature tensor of the transverse space R˜ijkl
and its covariant derivatives are annihilated by this vector field, and so all SPIs
constructed for the transverse space will also be annihilated. Choosing rectifying
coordinates for the transverse space so that m3 ∝ φ = ∂x3 , since all SPIs are
independent of x3, the transverse metric, gpq, must be independent of x
3 as
well. Relative to this coordinate system, the vielbein matrix m pi is independent
of x3 while the orthogonality condition on the coframe implies that mi
′
3 = 0 for
i′ > 3.
Taking Γi[2j] in (12) and differentiating twice with respect to v gives
2mi[p,q]m
p
j m
q
3 B
3
,vv + (ej(B
i)),vv = 0.
For i′ > 3, it follows that mi
′
p,3m
3
3 = 0 and m
i′
3 = 0 due to the independence
of x3 and the form of m pi , and so the above equation becomes:
(W˜3B
i′
,v),vv = 0.
This can only occur if Bi
′
,v = 0 or W˜3,vv = 0. The second condition is equivalent
to B3,vv = 0 and implies that all rotation parameters are linear in v, at most. If
W˜3,vv 6= 0 and Bi′,v = 0, then it follows from proposition 3.1 that new coordinates
can be chosen where Bi
′
= 0.
Assuming W˜3,vv 6= 0 and Bi′ = 0, we will determine additional conditions
at the algebraic level by considering the effect of the null rotation about ℓ on
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the curvature tensor:
R′122i = R122i −R1(k|2|i)Bk −R12kiBk +BiR1212,
R′2ijk = R2ijk + 2R2i1[jBk] −RlijkBl +R12jkBi,
R′2i2j = R2i2j + 2R122(iBj) +R2(ij)kB
k +RkiljB
kBl − 2R1l2(iBj)Bl
+ |B|2R1(i|2|j) − 2R12l(iBj)Bl +R1212BiBj .
(24)
Noting that the b.w. −p terms are polynomials of degree p, we may differentiate
appropriately with respect to v, to derive conditions on the components of the
curvature tensor relative to the original Kundt frame. At the algebraic level
this gives
R1323 = R1212, R1(3|2|i′) = −R123i′ ,
R3i′j′k′ = 0, R12j′k′ = 0, R231k′ = −R123k′ , R2i′1k′ = R3i′3k′ ,
R1(i′|2|j′) = 0, R132j′ = −R1(3|2|j′).
In addition we find that the curvature tensor is of type D already, i.e.,
R122i = 0, R2i2j = 0.
Due to the v-polynomial form of the components, this process can be re-
peated for higher order covariant derivatives of the curvature tensors. The
result of this process is a set of conditions on the b.w. 0 components with the
negative b.w. terms all vanishing in the original Kundt frame. This implies
that such a solution is already of type Dk and any null rotation with B3 6= 0,
Bi
′
= 0 yields another null direction for which the curvature tensor and all of
its covariant derivatives are of type D. This is a contradiction and so Bi must
be linear in v.
For the moment, we will focus on the type Dk spacetimes where the null
vector fields ℓ and n˜ are unique. Since the spatial vector field X = Bi,vmi
annihilates all b.w. zero components and hence all SPIs of the transverse
space [11], there is a Killing vector field ζ in the span of X, and so
X = X(u, xp)ζ.
Choose rectifying coordinates so that ζ = ∂x3 , the transverse metric, gpq, is now
independent of x3. We may then rotate the frame so that
m3 ∝ ζ. (25)
Since the parameters of the spatial rotation vanish under frame differentiation of
e2, the condition that the connection coefficients Γi2j vanish will be preserved.
Relative to this frame, the null rotation will only have one non-zero component,
B3 after applying a coordinate transformation to set B(0) i(u, xp) equal to zero:
B3 = B(1) 3v,Bi = 0.
For the remainder of the paper we will work relative to this choice of coframe
when a null rotation is needed to align ℓ and n.
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4 Commutator Conditions of Type Dk Space-
times
There are two possible subclasses of type Dk spacetimes, depending on whether
the pair of aligned null directions ℓ and n are unique or if there are non-trivial
null rotations preserving the typeDk form. We will denote each of these broader
cases as I and II.
If multiple aligned null directions exist, then for each pair of aligned null
directions there is a boost isotropy, and so locally there exists at least two
distinct boosts isometries for which the corresponding infinitesimal generators
X1 and X2 have a non-zero commutator:
[X1,X2] = Z,
where the vector field Z will be another Killing vector field.
Lemma 1.4 requires that the type Dk spacetimes must admit at least three
Killing vector fields with 2-dimensional (2D) timelike orbits [12], the existence of
additional boost isotropies implies that the isotropy group must be a semi-simple
Lie group acting faithfully and non-properly on the spacetime and theorem 1.8
in [18] is applicable:
Theorem 4.1. Let G be a semi-simple group with finite center and no local
SL2(R)-factor, acting isometrically, faithfully, and nonproperly on a Lorentz
manifold M˜ , then:
1. G has a local factor G1 isomorphic to O(1, n) or O(2, n) with n ≥ 3;
2. There exists a Lorentz manifold S isometric, up to a finite cover, to dSn
or AdSn+1, depending whether G1 is isomorphic to O(1, n) or O(2, n),
and an open subset of M˜ in which each G1-orbit is homothetic to S;
3. Any such orbit as above has a G1-invariant neighbourhood isometric to a
warped product L×w S, for L a Riemannian manifold.
In this case, the type Dk spacetime must be the warped product of a Rie-
mannian metric, h, with either de Sitter space (dSn˜) or Anti-de Sitter space
(AdSn˜) with a metric of the form:
g′ = eΦ(x
r′ )gab(x
c)dxadxb + hp′q′(x
r′)dxp
′
dxq
′
, (26)
with a, b, c ∈ [0, n˜], p′, q′, r′ ∈ [n˜+1, n] and gab denotes the de Sitter or Anti-de
Sitter metric [15]:
g = −2du
[
dv − v22
(
1 + tan2 x
)
du + 2v tanxdx
]
+ dx2 + sin2 x dΩ2n˜−1,(27)
g = −2du
[
dv − v
2
2
(
−1 + tanh2 x
)
du− 2v tanh xdx
]
+ dx2 + sinh2 x dΩ2n˜−1.(28)
The metric in (26) is not quite in Kundt coordinates, but we can make a
coordinate transformation v˜ = eΦv to put this metric into the form (2):
g′ = −2du
[
dv˜ + v˜
2
2
e−ΦHdu+ v˜wpdx
p
− v˜Φ,p′dx
p′
]
+ gpqdx
pdxq + hp′q′dx
p′dxq
′
,
where the isotropy group of g′ determines the functions H and wp, and the
metric with indices p, q ∈ [3, n˜]:
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• Case I.1:
H = −(1 + tan2 x), w2 = 2 tan(x), wp = 0, p ∈ [3, n˜], (29)
g = dx2 + sin2 xdΩ2n˜−1. (30)
• Case I.2:
H = −(−1 + tanh2 x), w2 = −2 tanh(x), wp = 0, p ∈ [3, n˜], (31)
g = dx2 + sinh2 xdΩ2n˜−1. (32)
As these solutions admit boost isotropy, they are necessarily typeDk spacetimes.
We note that for these warped product metrics, relative to the Kundt coframe
(7) the connection coefficients: Γ2[ij], Γi[2j] and Γ2[2i] all vanish.
In the case that [X1,X2] = 0, the Killing vector fields for any two boost
isotropies are proportional, and the desired type D null frame is uniquely de-
termined at each point. Imposing the type Dk condition on the connection
coefficients, Γ22i,Γ2ij , and Γi2j , we note that the vanishing of the correspond-
ing anti-symmetric terms in (11) and (12) give simpler constraints on the metric
functions.
Lemma 4.2. If a metric is of type Dk then, relative to the frame (9) the metric
functions H and Wi must satisfy:
W˜[i;j] = 0, (33)
−ei(H˜) + e2(W˜i)−B3e3(W˜i) = 0, (34)
2m3[p,q]m
p
j m
q
3 B
3 + ej(B
3) = 0. (35)
Expanding the first condition we find W˜[i;j] = w[p;q] relative to the coordinate
basis, and so w˜p = m˜
i
pW˜
i must be the spatial gradient of some linear function
of v:
w˜p = m˜
i
pW˜
i = f1,pv + f
0
,p,
with coefficients dependent on u and xp. Without loss of generality, we can
apply a coordinate transformation:
(v′, u′, x
′i) = (v + h(u, xp), u, xi)→ H ′ = H + h,u, W ′i =Wi + h,pm pi ,(36)
to set w˜
(0)
p = f0,p = 0, giving the form:
w˜p = f,pv. (37)
This coordinate transformation will preserve the form of Bi = B
(1)
i v since B
(0)
i
and W˜
(0)
i do not appear in the set of Cartan invariants and there must be a
coordinate system where they are all zero.
Using the form of w˜p, the vanishing of (34) leads to three differential equa-
tions for the H˜(i) in H˜ :
H˜
(2)
,p = f,pH˜
(2),
H˜
(1)
,p = f,p,u, (38)
H˜
(0)
,p = −f,pH˜(0).
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The v-coefficient H˜(1) will not appear in any of the Cartan invariants once the
frame has been aligned implying that a coordinate transformation exists such
that H˜(1) can be set to zero while preserving B
(0)
i = 0 and W˜
(0)
i = 0. Doing so,
the second equation in (38) forces f to be separable, i.e.,
f(u, xp) = f0(u) + f1(x
p). (39)
Noting that mip,3 = 0 and m
p′
3 = 0 for p
′ > 3, the third condition in the above
lemma can be expanded to give a differential equation,
vm
p
j [−m33,pm 33 B(1) 3 +B(1) 3,p − (f,p)B(1) 3] = 0, (40)
which has the following solution:
B(1) 3 = m33e
fb3(u). (41)
5 Type D Conditions on the Riemann tensor
and its derivatives
Many of the components of the curvature tensor with non-zero b.w. values
will vanish automatically. There is only one set of components that will give
additional conditions:
R122i = e2(Γ1i2)− ei(Γ122), (42)
Setting these components to zero and expanding in terms of v yields two pairs
of equations:
B
(1)
3,u = 0,
B(1) 3(m pi m
3
3 f,3,p − δ 3i beff,3) = 0.
(43)
• Case II.1: If B(1) 3 is zero, these equations are automatically satisfied
and so the metric functions are of the form:
H(2) = h2(u)e
f , H(1) = 0, H(0) = h0(u)e
−f , wp = f1,p, (44)
where f is separable with respect to u and xp.
• Case II.2: If B(1) 3 does not vanish, then the first equation in (43) gives
a condition on the u-dependence of B(1) 3 which may be expanded to give
a differential equation:
B
(1)
3,u = [b
3
,u + b
3f0,u]m
3
3e
f = 0. (45)
Solving for b3 we have the following expression for B(1) 3:
B(1) 3 = m33be
f1 , (46)
where b is a constant of integration.
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The functions H˜ and W˜p can be expressed in terms of f = f0(u)+ f1(x
pˆ):
H˜(2) = h2(u)e
f1 , H˜(1) = 0, H˜(0) = h0(u)e
−f1 , W˜i = m˜
p
i f1,p. (47)
The remaining equations in (43) imposes two differential equations on f1
f1,3,3 = b(m
3
3)
2ef1f1,3,
f1,3,p′ = 0, p
′ > 3.
(48)
The second condition requires that the function, f1, is separable, i.e., f1 =
f2(x
3) + f3(x
p′ ). The other differential equation for f1 will be examined
in the next section.
5.1 Higher Derivatives
Now that the Riemann tensor is in type D form, to ensure that the covariant
derivative of the Riemann tensor is of type D as well we will consider the frame
derivatives with respect to e1 and e2. Due to the v-independence of the Riemann
tensor components and the form of the non-zero connection coefficients we only
need to consider the frame derivative of e2. To see why this is the case consider
a tensor with A,B,C denoting groupings of indices whose cumulative b.w. is
zero, then the covariant derivative will be of the form:
TA1B2C;2 = TA1B2C,2 − Γ121TA1B2C − Γ222TA1B2C +
∑
A,B,C
Γ · T,
where the last term is a symbolic expression denoting the remaining terms in-
volved in the covariant derivative. Since Γ121 = −Γ222, the second and third
terms will cancel. Repeating this process for every occurrence of 1 and 2 indices
in A,B and C leads to the result
TA1B2C;2 = TA1B2C,2.
If the frame derivatives of the components of the curvature tensor with
respect to e2 vanish, then the higher order covariant derivatives of the curvature
tensor will be of type D. We will consider the non-zero b.w. 0 components:
R1212 = H,v,v +
1
4
Wi,vW
i,v,
R1i2j = −1
2
Wi;j,v +
1
4
Wi,vWj,v,
R12ij =W[i;j],v.
(49)
• Case II.1: In the case where ℓ and n are already aligned, we only need
to consider e2(R1212) to determine the form of H :
e2(R1212) = e2(H,v,v) = (h2(u)e
f ) = 0,
solving the differential equations for h2, H
(2) will be of the form
H(2) = Cef1 , (50)
where C is a constant of integration.
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• Case II.2: The vanishing of e2(R123i) leads to two branches of the
following equation:
e2(R123i′ ) =
1
2
e2
(
bef1m
p′
i′ (m
3
3f1,p′ + 2m
3
3,p′)
)
= 0,
or more simply
1
2
vb2e2f1
[
f1,xm
p′
i′ (f1,p′m
3
3 + 2m
3
3,p′)
]
= 0. (51)
Assuming that the separable function f1 = f2(x
3)+f3(x
p′) is non-constant:
either f2 = 0 or f3 is of the form:
f3 = −2 ln(m33) + C′ (52)
where C′ is a constant of integration.
– Case II.2a: If f1,3 = 0 then e2(R12ij) = e2(R1i2j) = 0 and e2(R1212) =
0 gives the same condition on H˜(2) as in Case II.1,
H˜(2) = Cef1 . (53)
– Case II.2b: If f1,p′ = 0 then the differential equation (48) gives the
solution:
f1(x
3) = −C′ + C0C1 + C0x3 + ln
(
C0
1− eC0C1+C0x3
)
. (54)
Substituting this into e2(R1212) = 0 gives two equations as coeffi-
cients of v. The first will remove u dependence from H˜ ,
H˜(2) = Cef1 , (55)
where C is a constant. while the second condition fixes the parameter,
b:
b = − C
C0
. (56)
Without loss of generality, the constant C′ can be set to zero as it
does not appear in any metric function.
In this case, the metric functions have the following form:
H =
v2
2
[
CC20e
f − C2e2f
C20 (m
3
3)
2
]
, wp = [f,p + 2 ln(m
3
3),p + δ3p(m
3
3)
2bef ]v,
with the function, f ,
f(x3) = C0(C1 + x
3) + ln
(
C0
1− eC0(C1+x3)
)
,
and the function m33 along with the components of the transverse
metric gpq are arbitrary functions of x
p′ . Writing Φ = 2 ln(m33),
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we can use the coordinate transformation v˜ = −eΦv to rewrite the
metric as a warped product of a Riemannian metric, gp′q′ with a
three-dimensional (3D) spacetime with metric:
ds˜
2
− du
(
dv +
CC30e
C0(C1+x)v2
(CeC0(C1+x) +C0)2
du+
vC0(Ce
C0(C1+x) − C0)
CeC0(C1+x) +C0
dx
)
+ dx2.
A simple calculation shows that the 3D spacetime is in fact dS3.
Thus, this type Dk metric belongs to Case I.1.
As Γ122 will not appear in any covariant derivative and the frame derivatives
of e1 and e2 annihilate all components of the curvature tensor and the connection
coefficients, we conclude that any higher covariant derivative of the Riemann
tensor will be of type D. In analogy with theorem 7.1 in [13], where a Kundt
spacetime will be degenerate Kundt if the curvature tensor and its first covariant
derivative are of alignment type II, we have shown the following result:
Corollary 5.1. If the Riemann tensor and its first covariant derivative are of
type D, then the spacetime is of type Dk.
6 Conclusions
We have determined all spacetimes admitting a (local) boost isotropy. This
condition implies that the curvature tensor and its covariant derivatives must
be invariant under a boost in at least one plane spanned by two null directions
ℓ and n. Adapting a frame basis to this pair of null vector fields, the isotropy
condition forces the curvature tensor and its covariant derivatives to be of type
D relative to this basis. Using the result that all type Dk spacetimes must
belong to the degenerate Kundt class, we have shown that these metrics take a
specific form depending on their isotropy group, and this can be summarized in
the following proposition:
Proposition 6.1. If the isotropy group of a spacetime contains a subgroup
isomorphic to O(1, n˜), or O(2, n˜) with n˜ ≥ 3 acting isometrically, faithfully
and nonproperly on the spacetime, then the metric is isometric (up to a finite
cover) to a warped product of a Riemannian manifold h with dSn˜ or AdSn˜+1,
respectively.
• Case I.1: For dSn˜, n˜ ≥ 3, the metric functions for the metric (27) are:
H(2) = −e−Φ(1 + tan2 x), w(1)3 = 2 tanx,wp′ (1) = Φ,p′ ,
g˜ = eΦ(dx2 + sin2 xdΩ2n˜−1) + hp′q′(x
r′)dxp
′
dxq
′
.
(57)
• Case I.2: For AdSn˜+1, n˜ ≥ 3, the metric (28) has metric functions:
H(2) = −e−Φ(−1 + tanh2 x), w(1)3 = 2 tanhx,wp′ (1) = Φ,p′ ,
g˜ = eΦ(dx2 + sinh2 xdΩ2n˜) + hp′q′(x
r′)dxp
′
dxq
′
.
(58)
If the isotropy group contains a subgroup isomorphic to O(1, 1) acting nonprop-
erly on the spacetime then the type Dk spacetimes consist of two different metric
classes:
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• Case II.1: The metric is isomorphic to a warped product of a Riemannian
manifold h with dS1 or AdS2 respectively, i.e., the metric functions are
of the form:
H =
v2
2
Cef , wp = f,pv,
where the function f = f(xp) and the transverse metric is arbitrary.
• Case II.2a: The Kundt metric has the following metric functions:
H =
v2
2
[Cef − g33b2e2f ], wp = [f,p + δ3p(m33)2bef ]v,
where the function f = f(xpˆ), pˆ > 3, and the components of the transverse
metric gpq(x
rˆ) are independent of x3 but otherwise arbitrary.
Case II.2b, introduced in section 5.1 is in fact a warped product of a Riemannian
manifold with dS3 and hence belongs to case I.1.
We note that the typeDk spacetimes are contained in the class of degenerate
Kundt spacetimes, and hence are I-degenerate in this larger class. However,
when restricted to the subclass of type Dk spacetimes, these spacetimes are I-
non-degenerate since these spacetimes are in fact locally characterized by their
SPIs [13]. Any restricted deformation of a given typeDk metric which preserves
the Dk condition produces a new type Dk metric with a different set of SPIs.
In future work we will determine the existence of type Dk Einstein metrics
in arbitrary dimension. Due to the difficulty in determining type D Einstein
spacetimes in higher dimensions [19, 20], the typeDk metrics present a restricted
subclass of spacetimes which may provide interesting Einstein metrics. However,
there are some examples of locally homogeneous Einstein type Dk solutions
relative to the Kundt coordinates [4], which are reviewed in Appendix A. The
conditions for a general type Dk metric to be Einstein are not readily solved in
the current coordinate system. By choosing a new coordinate system adapted
to the two geodesic shear-free, twist-free and expansion-free null directions, we
hope to determine the set of Einstein type Dk spacetimes. In Appendix B, we
have summarized all 4D type Dk spacetimes, and since these metrics have a
potential physical interpretation, we display the Ricci tensor for each subcase
as well. This is meant to illustrate the difficulties related to this coordinate
system, for example, when determining the existence of Einstein metrics.
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Appendix A: Five Dimensional Einstein CSI Type
Dk Metrics
Within the class of degenerate Kundt spacetimes, there a subclass of spacetimes
for which all SPIs are constant or zero, known as CSI or V SI spacetimes,
respectively. The CSI and V SI spacetimes are of particular relevance in the
context of supergravity since they contain solutions to supergravity which also
admit supersymmetries [4]. A general approach to generate locally homogeneous
Einstein Kundt-CSI solutions was introduced in [4]. This approach relies on
a particular choice of the locally homogeneous transverse metric, g⊥, and was
illustrated in 5D. Each of the 5D CSI Einstein solutions admit a CSI type Dk
solution as a special case. We will review the three 5D solutions that have been
constructed and show that they belong to Case II.2a.
• Heisenberg group:
The Heisenberg group can be equipped with the left-invariant metric:
g⊥pqdx
pdxq =
(
dx+
b
2
(ydz − zdy)
)2
+ dy2 + dz2, (59)
and the non-zero metric function H and one-form w = wpdx
p are then
H =
b2
4
v2 +H(0)(u, x, y, z), w =
√
2b
(
dx+
b
2
(ydz − zdy)
)
. (60)
This Kundt metric will be Einstein if H(0) satisfies,

⊥H(0) +
(
H(0)Wi
);i
= 0, (61)
while the metric will be of type Dk if H(0) = 0, and so the type Dk
solution is automatically Einstein. To show it is of type Dk, we complete
the Kundt coframe (7) with:
m3 = dx +
b
2
(ydz − zdy), m4 = dy, m5 = dz, (62)
and apply a null rotation (9) with B3 =
√
2b and Bi
′
= 0, i′ > 3. The
Ricci tensor is of the form:
R = −b
2
2
(−2ℓn+ δijmimj). (63)
• SL(2, R):
Forming a Kundt metric from the left-invariant metric
g⊥pqdx
pdxq =
(
dx− adz
y
)2
+
b2
y2
(dy2 + dz2), (64)
with the non-zero metric function H and one-form w = wpdx
p are:
H =
a2
4b4
v2 +H(0)(u, x, y, z), w =
√
2(a2 + b2)
b2
(
dx− adz
y
)
. (65)
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If H(0) satisfies (61) for the current one-form, w in (65), then the resulting
Kundt metric is Einstein, while if H(0) vanishes then the metric is of type
Dk as well. Using the Kundt coframe (7) with:
m3 =
(
dx− adz
y
)
,m4 =
b
y
dy, m5 =
b
y
dz (66)
a null rotation (9) with B3 =
√
2(a2+b2)
b2
and Bi
′
= 0, i′ > 3 puts the
curvature tensor and its covariant derivatives into type D form and the
Ricci tensor is of the form:
R =
−(a2 + 2b2)
2b4
(−2ℓn+ δijmimj). (67)
• The 3-sphere S3:
Taking the Berger metric as the transverse space metric,
g⊥pqdx
pdxq = a2(dx+ sin ydz)2 + b2(dy2 + cos2 ydz2), (68)
with the non-zero metric function H and one-form w = wpdx
p:
H =
a2
4b4
v2 +H(0)(u, x, y, z), w =
a
√
2(a2 − b2)
b2
(dx+ sin ydz). (69)
As in the previous two examples, if H(0) satisfies (61) for the current one-
form, w in (69), then the metric is Einstein, and if H(0) vanishes then the
metric is of type Dk. Using the Kundt coframe (7) with:
m3 = (dx+ sin ydz),m4 = bdy, m5 = b cos ydz, (70)
a null rotation (9) with B3 =
a
√
2(a2−b2)
b2
and Bi
′
= 0, i′ > 3 shows that
the curvature tensor and all of its covariant derivatives are of type D form,
and the Ricci tensor is:
R =
−(a2 − 2b2)
2b4
(−2ℓn+ δijmimj). (71)
Appendix B: The Ricci Tensor of the 4D Dk Met-
rics
In 4D, the boost isotropic metrics have been entirely determined, albeit in a
different coordinate system [14]. Using the isometry groups as a coarse classifi-
cation we can determine relationships between the 4D metrics we have found in
this paper with those in [14]. The metrics in Case II.1 correspond to the metrics
in equation 2.9 of [14]:
ds2 = (1 + λx)2
dudv(
1 + K4 uv
)2 − α2(x, t)dt2 − β2(x, t)dx2. (72)
Case II.2a corresponds to the metrics in equation 2.11 in [14]:
ds2 = q2(x)
dudv(
1 + K4 uv
)2 − f(x)24
[
dt− C1vdu
1− K4 uv
+
C1udv
1− K4 uv
]2
− dx
2
f2(x)
(73)
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In this coordinate system, (u, v, t, x), u and v are null coordinates while t and
x are spatial coordinates. The type Dk metrics in Case I.1 and I.2 arising
from warped products of dSn, 2 ≤ n ≤ 4 or AdSn′+1, 1 ≤ n′ ≤ 3 with a 2D
Riemannian metric will belong to subcases of the metrics in (72) and (73).
To continue we will, consider the 4D type Dk metrics, and for each case we
will compute their Ricci tensor components using the formulas:
R12 = H
(2) − 1
2
W
(1) i
;i +
1
2
W (1) iW
(1)
i ,
Rij = −W (1)(i;j) +
1
2
W
(1)
i W
(1)
j + R˜ij ,
(74)
where R˜ij denotes the Ricci tensor of the transverse space. For the D
k met-
rics, the Ricci tensor can have Segre type: [11, (1, 1)], [(11), (1, 1)], [1, (11, 1)] and
[(111, 1)]. The Ricci tensor has a physical interpretation as a non-null Maxwell
field for Segre type [(11), (1, 1)] and either a vacuum or a cosmological constant
for Segre type [(111, 1)] In order for a metric to be Einstein, the Ricci tensor
must be of the form Rab = λgab where λ is a constant, and so
R12 = −λ, Rij = δijλ. (75)
We note that in GR, the only solutions admitting a Lie group of six Killing
vector fields, G6, with 3D timelike orbits, T3, will be vacuum or Λ solutions.
Thus these are the only spaces of constant curvature [1]. Nonetheless we will
provide the Ricci tensors for the warped products of dS3 or AdS3 with R.
• Case I.1:
Using the coordinates (u, v, x, y), the line-element is:
ds2 = −2du
[
dv −
v2
2
e
−Φ
(
1 + tan2 x
)
du+ 2v tan xdx− vΦ,ydy]
]
+ dx2 +m44(y)dy
2
, (76)
where Φ andm 44 are arbitrary functions of y. Then relative to the typeD
k
null frame, {n, ℓ,m3,m4} with i, j ∈ [3, 4] the Ricci tensor components
are:
R12 =
1
2
m 44 (m
4
4 Φ,y),y +
1
2
(m 44 Φ,y)
2 − 2− (1 + tan2 x)e−Φ + (1 + tan2 x),
R33 = 2,
R34 = m
4
4 Φ,y tanx,
R44 = −m 44 (m 44 Φ,y),y −
1
2
(m 44 )
2Φ2,y.
(77)
To be an Einstein manifold, R34 must be zero, so that the warping function
is constant. This forces R44 to vanish, so that the Ricci tensor cannot
satisfy the Einstein condition (61).
• Case I.2:
Relative to the coordinates (u, v, x, y), the line element is:
ds2 = −2du
[
dv −
v2
2
e
−Φ (
−1 + tanh2 x
)
du− 2v tanhxdx− vΦ,ydy]
]
+ dx2 +m44(y)dy
2
, (78)
Locally boost isotropic spacetimes and the type Dk condition 23
where Φ and m 44 are arbitrary functions of y. Then with respect to
the type Dk null frame, {n, ℓ,m3,m4} with i, j ∈ [3, 4] the Ricci tensor
components are:
R12 =
1
2
m 44 (m
4
4 Φ,y),y +
1
2
(m 44 Φ,y)
22− (−1 + tanh2 x)e−Φ + (−1 + tanh2 x),
R33 = −2,
R34 = −m 44 Φ,y tanhx,
R44 = −m 44 (m 44 Φ,y),y −
1
2
(m 44 )
2Φ2,y.
(79)
To be an Einstein manifold, R34 must be zero, and so the warping function
must constant. With Φ constant, R44 vanishes and this spacetime cannot
be Einstein.
• Case II.1 :
In the coordinate system, (u, v, x3, x4), the line element is:
ds2 = −du
(
dv − CeΦ v
2
2
du− Φ,x3dx3 − Φ,x4dx4
)
+ gpq(x
3, x4)dxpdyq, (80)
where C = −1 or 1 for the 2D de Sitter or anti-de Sitter space respectively,
the indices p, q ∈ [3, 4] and Φ is an arbitrary function of xp. Then relative
to the type Dk null frame, {n, ℓ,m3,m4} with i, j ∈ [3, 4] the Ricci tensor
components are:
R12 = −Ce−Φ + 1
2
[m pi Φ,pm
i qΦ,q −m qi (m pi Φ,p),q + ΓkijδijmpkΦ,p],
Rij = m
q
(i (m
p
j)Φ,p),q − Γk(ij)mpkΦ,p +
1
2
m
p
i m
q
i Φ,qΦ,p + R˜δij .
(81)
where R˜ is proportional to the Gaussian curvature of the 2D transverse
space. Relative to this coordinate system, the differential equations that
must be satisfied to ensure the Einstein condition (61) are very compli-
cated.
• Case II.2a:
The line element relative to the coordinates (u, v, x3, x4) is:
ds2 = −du
(
dv − v
2
2
(Cef − g33b2e2f )du− befdx3 − f,x4dx4
)
+ gpq(x
4)dxpdxq ,
where f and gpq are functions of x
4 and the indices p, q ∈ [3, 4]. Then
relative to the type Dk null frame, {n, ℓ,m3,m4} with i, j ∈ [3, 4] the
Ricci tensor components are:
R12 = Ce
f − g33e2f − 1
2
[Γ4 33 m
p
4 wp +m
q
i (m
i pwp),q + Γ
k i
i m
p
k wp]
+ (m 33 e
f )2 + δijm qi m
p
j wqwp
R33 = −Γ433m p4 wp +
1
2
(m 33 e
f )2 + R˜
R34 = m
q
4 (m
3
3 e
f ),q − Γk(34)m pk wp +
1
2
m 33 m
p
4 e
fwp
R44 = m
q
4 (m
p
4 wp),q − Γk44m pk wp +
1
2
m
q
4 m
p
4 wqwp + R˜,
(82)
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where wp = f,xp + δ3pbe
f and R˜ is proportional to the Gaussian curvature
of the 2D transverse space. In this case, the differential equations arising
from imposing the Einstein condition (75) are not readily solved in this
coordinate system.
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